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What are chaotic systems?

❖ Deterministic but unpredictable -> 
weather, ecosystems, power grids

❖ Small changes to input -> huge 
differences in output (butterfly 
effect)

❖ Chaotic systems have underlying 
geometric structure (attractor)

❖ Critical transitions -> transition from 
chaos to collapse

❖ Our goal: predict chaotic behavior & 
detect critical transitions with 
machine learning

What is reservoir computing?

❖ A machine learning algorithm with reduced 
computation and training requirements

❖ Shallow, recurrent, neural network -> 1 layer 
of sparsely connected neurons

❖ Hidden neuron layer is a “black box”
❖ Fixed internal weights, solely train the 

output layer
❖ Steps

1. Open loop training: bulk time series 
data “teaches” neurons

2. Output layer weights trained through 
linear regression 

3. Closed loop prediction: model output 
feedback as the next input

Our Approach

❖ Time series data from real-world chaotic systems could be used to train 
a reservoir computer and predict catastrophic events

❖ In place of real world data we utilize well-known chaotic systems 
described by differential equations to build the models

❖ Four primary systems: Lorenz, Aiawa, Food-Chain, Hastings-Powell
❖ Our goal: develop a reservoir computer which can approximate chaotic 

behavior described by differential equations

Critical Transitions / Bifurcation

Creating a Reservoir

Building the Computer

Verification of Transience

Hyperparameter Optimization

Results

❖ Past critical transition point, chaotic 
trajectories survive for finite period 
of time and either escape or settle 
into different attractor; behavior 
validated by exponential decay

❖ Average lifetime of chaotic 
transients divergence follows 
power- law scaling 

❖ Our goal: Confirm our models 
conform to the expected 
trajectories escape behavior and 
transient lifetime through numerical 
verification  

Adaptability

❖ Predictive performance is highly sensitive to 
hyperparameters

❖ Not learned during training -> must be 
determined independently

❖ Bayesian Optimization -> Gaussian Process, 
selects hyperparameters based on prior results

➢ Minimizes short-term prediction error (RMSE)
➢ Reduces need for exhaustive trial and error

❖ Our goal: Improve prediction accuracy through 
selection of optimal hyperparameters

❖ Reservoir injected with varying values 
of a bifurcation parameter to learn 
dynamics in different regimes

❖ Reservoir update equation revised 
with new input channel

❖ Model is optimized for multiple 
bifurcation parameter values
➢ Validation accuracy increases with 

training time for all parameters in 
training set

➢ Adaptive model is not optimizing 
for one parameter at the expense 
of others

❖ Our goal: Add a bifurcation parameter 
injection channel so the model can 
learn regime changes and predict 
critical transitions

❖ Reservoir Computer has learned internal system response to changing bifurcation parameter
❖ Model can now predict system dynamics using a bifurcation parameter it was not trained on
❖ Adaptable RC can predict transient chaos and collapse when bifurcation parameter goes beyond 

critical point

❖ Fixed, high-dimensional matrix which 
captures complex temporal behavior 

❖ Transform simple inputs into rich 
nonlinear dynamics

❖ Our goal: Build a reservoir which can 
project a time series input into a 
high-dimensional state space that 
captures underlying complex, nonlinear 
dynamics

 Definition Desired network effect Trade Offs

Network size 
(N)

Number of nodes 
in the reservoir 
network

Larger reservoirs 
increase capacity and 
enable richer dynamics

Too small -> cannot capture complex behavior
Too large -> computational cost

Connectivity 
(p)

Probability any 
note is connected 
to any other

Sparse connectivity 
promotes localized 
interactions and stability

Too sparse -> weak dynamics, poor memory
Too dense -> instability, reduced separation of states

Spectral 
radius (𝜌)

Largest 
eigenvalue of the 
reservoir weight 
matrix

Controls memory and 
ensures ast inputs fade 
over time (echo-state 
property)

Too small -> fast decay, memory loss
Too large -> instability, chaotic divergence

❖ Simulated dynamical systems -> generate time-series data
❖ Numerical integration used to compute system behavior over time
❖ Long time series generated to train, test, and validate reservoir computer models

➢ Predictive model should map short term behavior well
❖ Attractors: unique 3D geometric representation of the chaotic behavior

➢ Key indicator as the success of a predictive model
➢ Predictive attractor cannot be an exact replica, but should maintain the general shape

❖ Our goal: generate time series data for training and capture attractor shape for validation of 
predictive performance

❖ Core idea: reservoir remains fixed, training only the output 
layer

❖ Advantages
➢ No back propagation required
➢ Computationally efficient, reduced training time
➢ Stable for chaotic, nonlinear systems

Training phase: 
1. Feed time series in step-by-step
2. Update internal state using nonlinear activation function

r(t + 1) = (1 - α) * r(t) + α * tanh(W * r(t) +  Win* u(t))

r(t) = reservoir state W = fixed reservoir matrix

u(t) = input Win = random, fixed input layer matrix

α = leakage rate

3. Collect reservoir states into training reservoir matrix 
4. Train output layer (Wout) using ridge regression

Map reservoir state (Train) onto target time-series values 
(Ytrain)

Wout  = Ytrain * Rtrain.T * (Rtrain * Rtrain.T + λ * I)-1 

Prediction phase: 
1. Utilize Wout to generate outputs
2. Feed predictions back as inputs

y(t) = Wout * r(t)

3. Generate both short and long term predictions 

Our goal: Develop a deep understanding of reservoir 
computing

Generating the Data

❖ Bifurcations: a small change in a system parameter 
causes a large change in system behavior

❖ System may transitions between distinct dynamical 
regimes (steady -> periodic -> chaos -> collapse)

❖ Critical transition -> rapid shift between regimes which 
marks the onset of chaos

❖ Chaos characterized by:
➢ Non repeating trajectories
➢ Extreme sensitivity to initial condition
➢ Bounded motion within the attractor

❖ Bifurcation parameter -> the parameter which is varied 
and may induce chaos

❖ Our goal: Build a reservoir computer which can adapt to 
regime changes and predict collapse

Key structural controls:

Hyperparameters of interest:
● Network size (N)
● Connectivity (p)
● Spectral radius (ρ)
● Input scaling factor (γ)
● Leakage rate (α)
● Regularization (λ)
● Bifurcation parameter bias (p_b)
● Bifurcation parameter scaling factor (γ_p)


