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Figure 7. Comparison of First 
Passage Time of Stochastic 
Simulations on MS Cubes of 
different scales (and thus effective 
noise). Statistically Distinct means 
of 14.17τ for the 50 Cube, 45.88τ 
for the 100 Cube, and 409.90τ for 
the 200 Cube.

Figure 8 (top). 3D view of Characteristic path of a ‘Direct Adjacent’ path type. 
Figure 9 (right). 1D Characterization of the path from Figure 8. This graph plots Total Tau (or system time) on the X axis, and the index of the State of the system on the Y axis.
Figure 10 (bottom). Histogram of steps spent at each state from Figure 9. 
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To attempt to reconcile these arguments, the central aim of this project was to 
develop a stochastic model of cell fate determination to query:
1. What paths are preferentially taken by model cells?
2. What factors determine these paths and what is their impact?
3. Is a deterministic-approximating stochastic model of cell fate possible?

Implications and Improvements
The results of this model suggest some interesting implications about the feasibility of a 
stochastic model of stem cell differentiation, and help identify some necessary 
improvements to realize a more complete model:

The improvements suggested here will be necessary to better simulate cell fate 
determination, should cellular differentiation be governed by a stochastic model such 
as this one. Better limiting run trajectories, accounting for time delay in simulation 
development, and having intercellular signaling pathways to influence the system are 
all undoubtable elements of such a hypothetical system that were not explored here.
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Figure 12. Time Delay Variance Distribution in Preferred Paths, 
means of all groups statistically significant except for between the 
‘Indirect Adjacent’ and ‘Indirect Distant’ groups.

The mechanisms of cell differentiation and cell fate determination are hotly contested 
areas of current biomedical research. The research community is broadly split into two 
camps, those that believe that the observationally deterministic outcomes of cell 
differentiation indicate a fundamentally deterministic process for the phenomenon, and 
those that point to the stochastic nature of the mediators of cell differentiation, 
particularly proteins, as evidence that the whole process must be stochastic.

Figure 1. Deterministic 
Model of Many Initial 
Conditions in a Cell 
Fate Simulation.

Figure 2. Stochastic 
Model of a Single 
Initial Condition in a 
Cell Fate Simulation.

Figure 3. Schematic of a tri-
gene network that is auto-
activatory and mutually 
repressive.

The biological basis of this model is a tri-gene network 
where each gene’s product promotes itself and 
inhibits the others. [1]

This system is represented by a set 
of three differential equations:

The parameters of this equation 
are linearly scalable to output 
different of-interest conditions.

To arrive at meaningful model conditions, a 
bifurcation continuation was performed.

This process revealed a small window of 
stability at the following parameter 
conditions that achieved the maximum 
number of stable steady states, saddle one 
states, saddle two states, and an unstable 
state.

𝛼 = 100, 𝛽 = 10, 𝑘 = 50, 𝑛 = 4, 𝛿 = 1.05

For the Stochastic model, a Gillespie simulation was developed. Gillespie simulations 
operate off two random variables, one that decides the infinitely precise time, τ, at which 
the next event happens, and one that decides which of a series of events occur.

The probability of any given event happening is determined by the instantaneous 
calculation of the above ODEs. This effectively weights the random noise such that more 
probable outcomes are more likely to be selected by the random variable as the event that 
occurs. These probabilities are summed in the P vector, where the sum of all elements 
equals one.

𝑃 = 𝑝1, 𝑝2, 𝑝3…𝑝𝑛

Figure 11. Frequency Distribution of Various Path types. ‘Direct Adjacent’ paths follow the edge of a cube, connecting one vertex with another adjacent one. ‘Delayed Adjacent’ paths 
follow an edge of the cube between two adjacent vertices but approach a Saddle 2 point in the course of their travel, before returning to the original path. ‘Indirect Adjacent’ paths 
travel from one vertex to an adjacent vertex but cross the face of the cube rather than cross an edge to reach the adjacent vertex. Indirect Distant paths cross the face or volume of the 
cube to terminate at a non-adjacent vertex. ‘Other’ paths do not fall neatly into these categories, referring to degenerate paths between ‘Delayed Adjacent’ and ‘Indirect Adjacent’. 

When the points identified by the 
bifurcation continuation are plotted, 
they arrange into a cube-like shape 
referred to as the Multistable Cube. 
This is the basis for all of the 
stochastic simulations. 

Model Performance

The stochastic model of cell fate determination proposed, created, and tested in this 
project demonstrates the potential of this system for modeling of stem cell 
differentiation in organisms, and identifies key areas of improvement necessary for the 
furtherance of this model and its applicability to natural systems. This model provides 
evidence for a possible deterministic-approximating stochastic model of cell fate 
determination.

Changing the scale of 
the cube changes its 
noise level. A 
comparison of First 
Passage Time across 
noisy, intermediate, 
and quiet systems was 
performed to identify 
ideal conditions for 
modeling.

To identify which paths 
were preferred by the 
system, a categorization 
system needed to be 
created. An algorithm was 
developed that turned XYZ 
positions in the Cube into 
1D records of point 
proximity. This allowed for 
classification of the path a 
model cell took, recorded as 
the state index it was 
nearest.
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Figure 5 (top). XYZ plot of various points of interest output by 
the bifurcation continuation. Blue points are Stable Steady 
States, Red points are Saddle 1 States, Green points are Saddle 
2 States, and the Black point is an Unstable Steady State. These 
points are arranged in the plane in a slightly stretched cube, 
referred to as the Multistable Cube.
Figure 6 (right). Head on Projection of the Multistable Cube. 
This projection demonstrates that the 8 steady states (blue) 
reside at the vertices of the cube, the 12 saddle 1 states (red) 
are placed approximately in the middle of each edge, the 6 
saddle 2 states (green) are situated in the center of each face of 
the cube, and the unstable steady state (black) is at the ‘center 
of mass’ of the cube.

Figure 4. Plot of 
Bifurcation 
Continuation of 
the tri-gene 
network. 

The 1D proximal point projection of the 
simulation was used to evaluate a significant 
sample size of runs (n=10,000), allowing for the 
categorization of key subsets and statistical 
analysis of the resulting run projection categories. 
The projection categories are a compilation of 
path indexes which describe a specific path type 
through the cube. The Δτ of passage for each 
category was recorded and analyzed via ANOVA, 
resulting in significance between all but the 
‘Indirect Adjacent’ and ‘Indirect Distant’ groups.

Implication: Evidence:

Model Scale has a direct 
impact on passage time

Figure 7. displays the 
relationship between Scale and τ

Simulated cells preferentially 
passage one dimensionally

Figure 11. Frequency of ‘Direct 
Adjacent’ category

Paths that cross the face of the 
cube are slower

Figure 12. Difference in Δτ 
distribution between groups

Improvement: Advantage:

Improved parameterization Adjusting Eigenvalues to 
promote common runs

Simulation effect time delay Allows for the examination of 
the effects of overshoot

Intercellular signaling 
capability

Examine stability collapse of 
cube states mid-run

https://doi.org/10.1371/journal.pone.0102873

	Slide 1

